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Abstract

We consider an atomistic interaction potential in one dimension given through a min-
imization problem, which gives rise to a field. The forces on atoms are in this case given
by local expressions involving this field. A convenient feature of this model is the existence
of a weak formulation for the forces, which provides a natural connection point for the
coupling with a continuum model. We suggest Quasicontinuum-like coupling mechanisms
that are based on a decomposition of the domain into an atomistic and a continuum region.
In the continuum region we use an approximation based on the Cauchy—Born rule. In the
atomistic subdomain a version of the atomistic model with Dirichlet boundary conditions is
applied. Special attention has to be paid to the dependence of the atomistic subproblem on
the boundary and the boundary conditions. Applying concepts from nonlinear analysis we
show existence and convergence of solutions to the Quasicontinuum approximation.

1 Introduction

In the present article we formulate and analyze one-dimensional QC methods for an atomistic
interaction that is mediated by a field.

The article is structured as follows. In Section 1 we give a literature review, motivate the
atomistic model, and introduce the necessary notation. In Section 2 we formulate the model
in a more precise mathematical way and derive a “weak formulation” for the resulting forces
on the particles. Section 3 is devoted to the analysis of the model in a bounded domain when
the fields are subjected to Dirichlet boundary conditions. The respective continuum model is
derived and analyzed in Section 4 using the Cauchy-Born approximation. Finally, in Section
5 we propose different possibilities for constructing QC methods that are based on exchange
of boundary conditions and prove convergence. The article closes with an outlook on possible
extensions and open problems in Section 6.

1.1 Literature Review

Some applications of the QC method can be found in [35, 36, 33, 25]. Phenomena investigated
include defects, fracture, grain boundaries, and nano-indentation.

As mentioned in the Introduction, the most direct energy-based way of QC coupling leads
to inconsistencies in the form of ghost forces. Naturally, a lot of work has therefore gone into
the design of methods that do not exhibit these unphysical forces. Most of these approaches
are based on a more careful treatment of interactions between atoms in the atomistic and the
continuum part. For example, in [34] the quasi-nonlocal QC method was suggested. There, a
layer of so-called quasi-nonlocal atoms is introduced between the atomistic and the continuum
region. These quasi-nonlocal atoms interact normally with neighbours in the atomistic region,
whereas interactions with atoms in the continuum region are replaced with virtual atoms whose
positions are obtained by extrapolating nearest neighbour positions. A conceptually similar but
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more general philosophy based on reconstruction schemes for atomic environments is followed
in [15].

In [19] the quasi-nonlocal QC method was extended to arbitrary finite-range interactions in
one space dimension. A similar, bond-based approach was suggested in 1D and 2D in [32]. A
method directly based on the coarse-graining idea is presented in [22].

Although the QC method was originally developed in the 1990s, attempts at its analysis
have started only recently. Early results addressed the coarse-graining step in 1D [20, 29] and
2D [21]. In [29] a priori and a posteriori error bounds for the resulting Galerkin approximation
are proved. An analysis of the decay of ghost force induced errors away from the interface is
provided in [8].

To obtain actual convergence results for QC-like methods, it is in general not sufficient to
show the absence of ghost forces. Following a classical paradigm of numerical analysis, many
rigorous approaches have focused on the issues of consistency and stability of a QC method. The
issue of stability was investigated for the one-dimensional standard energy-based QC method
and the quasi-nonlocal QC methods in [10]. The authors show that besides its inconsistency
the standard energy-based QC method also has unsatisfactory stability properties compared
with the original atomistic model and the quasi-nonlocal QC method. Rigorous error analysis
for the quasi-nonlocal QC method was performed in one space dimension [26, 27, 9, 19]. The
quasi-nonlocal QC method has excellent consistency and stability properties and convergence
can be obtained, see [27, 19].

Methods based on summation rules instead of the Cauchy—Born approximation to reduce
the complexity were analyzed in [24]. Theoretical results in connection with force-based QC
methods can be found in [7, 12, 13, 11]. The standard force-based QC method has excellent
consistency properties. However, the analysis of stability is more involved. Linearizations of the
involved operators are nonnormal and generally not positive definite. The choice of topology
turns out to be crucial for obtaining stability [11]. Convergence of the force-based QC method
in 1D is proved in [12].

A way of coupling a density functional based atomistic model with a semi-empirical sim-
ulation was suggested in [6]. The authors independently use a DFT model in a subdomain
and an embedded atom potential (EAM) in the remainder of the domain. The actual coupling
is achieved by introducing an interaction energy, which involves a phenomenological electron
density in the EAM region as input. These ideas have also been combined with a standard QC
method resulting in a model with a quantum mechanical, a classical atomistic and a continuum
region [23]. A very similar approach is given in [38, 30]. There, phenomenological electron den-
sities in a patch region are used as boundary conditions for the density functional simulation.
The Cauchy—Born approximation of OFDFT provides the continuum model.

Some rigorous mathematical results concerning the continuum and thermodynamic limits
of different atomistic models are provided in [4, 3, 5]. In [3] the authors rigorously derive
continuum models from pair-potentials and Thomas—Fermi type models. In [4] also a limiting
process based on I'-convergence is analyzed. In [1, 2] the authors analyze models that couple
an atomistic nearest neighbour and a continuum energy in one space dimension. The domain is
divided into two regions and there is no underlying QC mesh. The message of the articles is that
the natural way of coupling the two models leads to failure in the sense that if fracture arises,
it does so in the continuum part rather than the atomistic part. The authors then propose a
modified coupling that leads to the correct behaviour.

In [14] the authors derive the continuum limits for the Thomas-Fermi-von Weizsécker and
the Kohn—Sham functionals by separating the two scales involved: the scale of the macroscopic
displacement field and the scale of the electron density. In the second part of the article two dif-
ferent versions of coupling between the TFW functional and its continuum limit are suggested.



Both are based on decomposing the computational domain into a nonsmooth part (where atom-
istic detail is needed) and a smooth part (where the approximation by the continuum limit is
thought to be accurate). In the first coupling method, the TFW model is used in the whole do-
main, however, the electron density in the smooth domain is obtained from local cell problems.
This approach is shown not to give ghost forces. The second coupling method is obtained by
replacing the energy of the smooth region by its Cauchy—Born approximation. This time there
are ghost forces due to the unsymmetric treatment of the Coulomb interaction.

1.2 Outline of the Field-Based Model

We now motivate a basic atomistic interaction that is mediated by a field. The following ideas
were first outlined in [18]. There, a coarse-grained version of the model was suggested as a
potential alternative to classical QC coupling.

We start our considerations with a simple atomistic energy based on a pair-potential V'
in one dimension. Let y = (y1,...,yn) € RY represent the coordinates of N particles. We

consider the energy
N

1
Ely) =3 > Vlyi — i)
ij=1
i#]

Obviously, the force on particle ¢ is given by

N

—Dy,E(y) == sign(yi — )V’ (lyi — ).
j=1
J#i

We note that the forces are nonlocal expressions in the sense that their computation involves
the summation over the other NV — 1 particles.

Next, we make a few modifications to this model. First, we replace the pointwise particles
with smooth, nonnegative, and compactly supported particle densities d.(- — ;) (such that
Jg 0<(z) dz = 1). This leads to

N
E(y) %% Z /R/Rég(z—yi)V(z—x)(Fa(x—yj)dzd:r.

i#]

To simplify the presentation further, we include the self-energies of the individual particle
densities and define

N
£.(y) :;Z_l/R/Ras(z—yi)V(yz—xD(sE(x—yj)dzdx.

This additional self-energy contribution does not affect the forces. It can be computed explicitly
and subtracted from the energy later on. We introduce the field ¢ : R — R through

N
o(z) = /pr(z)V(\:r —z|)dz, where py(z)= Zég(z — Yi)- (1.1)
i=1
Then, the energy &.(y) can be written in the following form
1
&) =5 [ pul@)ote) d.
R

3
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It is easy to see that the forces are now given by the local expression

“DyE(y) = - /R Dypy(2)(2) dz.

By knowing the field ¢ it is unnecessary to compute the force on one particle by adding up
the forces that are exerted by all other particles. The nonlocality of the interaction has been
encoded in the field ¢. However, we have replaced the problem of nonlocality with the necessity
to calculate the field ¢, which is defined on the whole of R, via the convolution (1.1).

If the pair-potential V' is the Green’s function belonging to a linear partial differential
operator Ly (V), then ¢ can be computed by solving an equation with right-hand side py,:

Ly (V)¢ = py.

As an example we consider the so-called Yukawa potential in one space dimension

1 1 " 1 _
_ = ke 4 — — m|z\
Vi) 27 /R K2+ m2° d om’

In this case ¢ can be obtained as the solution to
—Ag¢ + m2¢ = Py

or, equivalently, the minimization problem

1
¢:argmin{2/|Vg0\2+m2902dm —/pygodx}.
® R R

The interaction potential &, takes the form

1
E(y) :—min{/ IVo|? + m?¢? dz —/pywdx}. (1.2)
v L2Jr R

The interaction defined by (1.2) is purely repulsive. A purely attractive interaction can be
obtained by changing the outer minus sign in the definition of & to a plus sign. We could
combine two energies of the form (1.2) with different parameters m to model an interaction
similar to Morse’s potential V (|z]) = e~ 2#l — 2¢~Il,

The present article is devoted to the analysis of QC approximations of (1.2) in a periodic one-
dimensional setting. The basic idea of QC coupling in this case is as follows. The computational
domain is divided into an atomistic and a continuum region. In the continuum region, we use
the standard Cauchy-Born approximation of £. For the atomistic part we use a version of (1.2)
on a bounded domain Q2 subject to certain boundary conditions. Both the boundary and the
boundary data will be allowed to depend on the configuration y.

1.3 Notation

When working with atomistic models, boundaries have to be treated carefully. Strictly speaking
they represent defects that lead to boundary layers in the displacement. To avoid these difficul-
ties we look at an infinite chain of atoms on the one-dimensional lattice X = eZ., where € > 0
is the reference lattice spacing. Moreover, to keep the functional analysis simple, we consider
only (2N + 1)-periodic displacements from the reference lattice (see also [27]). Let

N
u:{UGRZU]+(2N+1):UJ VJGZa Zu]:()}
j=—N

{eq:Eintrodef }
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Y-N-1 Y-N Y-N+1 Yn-2 YN-1 YN

Figure 2.1: Sketch of the basic atomistic problem: the field ¢ is periodic in Q@ = (y_n—_1,yn)

and p, is a smooth particle density representing the atoms with positions given by y € V. (t1g:001)

and define .
Yy=FX+U

with a macroscopic deformation gradient F' > 0. As a computational domain we use the interval
Q= (y-N-1,YN)-

To keep the reference length of the interval constant we set ¢ = 2/(2N + 1).
We define the finite differences y',y” € U for y € Y or U by their respective components

;Y — Y1 = YL 2y; t yj-1

Y, = !
J c ) J €2

Let us also define the weighted ¢2-scalar product and norm by

N
(u,v). =¢ Z uyv, Yu,v €U, wlle == (uw,w)/? Yuel. (1.3)
v=—N

The ¢*°-norm is defined in the obvious way

lullpe = max |u,| YueU.
v=—N,...,.N
The space U equipped with the Sobolev-like norm [[wly1.2 = [|u[|;2 will be denoted by U"* and
its topological dual space by /=2, The norm on U~1? is given by

ITjyy~12 = sup A
weur2 |6l .2
For monotonously increasing y € ) (which we will write as ¥y’ > 0) we denote by S(y) C
H'(Q) the space of continuous functions that are linear on every interval Q; = (vi_1,v:),
i € {=N,...,N}. Furthermore, we define Sy(y) = S(y) N H;#(Q) to be the subset of all
periodic functions in S(y).

2 Periodic Boundary Conditions

{SM:ModelPeriodic}
We now put the field-based interaction potential that was outlined above in a precise mathe-

matical framework. For this, we define the functional I : H#(Q) x Y — R by

I(p,y) = /QG&Q\VMMW%Q) d —/prsodw,
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where

py() =€ Zio(x —y;), and &c(x) =c 'di(z/e).
JEZL
Here, §; is a symmetric, nonnegative, regularized delta distribution with compact support

[—%0, %0], where ¢g > 0 and fR 01dx =1, see Figure 2.1. To avoid cluttering we set Z; = 1 for

all j € Z.
We then define the interaction potential £ : ) — R by

E(y)=— min I(p,vy). 2.1
(v) werllalﬂn) (0, y) (2.1)

The respective minimizer (see Figure 2.1)

¢=arg min I(p,y)
PpEH ()

is obviously the periodic solution to the Euler-Lagrange equation
—2A¢+mPp=p, in Q. (2.2)

Although ¢ depends on y, we will usually suppress this in our notation. It will always be
clear from the context, which configuration ¢ belongs to. It follows immediately from (2.2) and
integration by parts that

E(y) = ;/quydﬂﬂ-

To determine equilibrium configurations subject to a given external force f € U~1? we need to
minimize the total potential energy Ef : Y — R defined by

Er(y) =E(y) + (£, 9)e (2.3)
A minimizer y € Y of (2.3) will satisfy the Euler-Lagrange equation

DEs(y) =DE(y)+ fF=0 eU 2

In the following we address the derivatives of £. Our main observation is a “weak” formulation
for the first derivative DE that acts as a natural connection point for the coupling with a
continuum model.

Proposition 2.1. The potential £ : Y — R defined by (2.1) is twice continuously Fréchet
differentiable. The components of the first derivative are given by

D, Ew) = = [ V(o — )i ds (2.4)
forj € {=N,...,N —1} and by

Dy Ely) = —< /Q (Voalz — yn—1) + V. (x — yv))d(2) d. (2.5)

{eq:Eatomistic}

{eq:phiPDE}

{eq:totalenergymin}

{prop:periodicderiv

{eq:nablav}

{eq:nablaVyN}



We again stress the fact that the forces —DyE(y) are local expressions. To calculate the force on
atom j it is necessary to know ¢ in suppd(- —y;) but there is no need to sum over all remaining
atoms. This nonlocality is encoded in the field ¢.

Next we establish the weak formulation for the forces on particles. This very much resembles
the structure of the continuum equations and will be the basis for the QC coupling in Section
5. A version of this calculation was already shown in [17]. There, the author worked with an
interpolant that was assumed constant on the support of every é.(- — y;).

For simplicity we assume that the supports of the densities of different particles do not
intersect:

suppd: (- — yi) Nsuppd:(- —y;) =0 Vi, j € Z, i#j.
Since, [suppde (- —¥i)| = €90, this is equivalent to |y; —y;| > o for ¢ # j or, if y is monotonously
increasing y; > ¢ for all j € Z.

{lemma:weakformulat

Lemma 2.2. Let y € Y satisfy y' > <y and let ¢ € H;E(Q) be the corresponding field defined by
(2.2). Moreover, let uw = (u;)jez € U be a test vector and u € Sy (y) a periodic piecewise linear
interpolant of w in the sense that

u(y]) = u] \v/j € {_N - 17 s 7N} (26) {eq:uuinterpolant}
Then,

N
g y)u == Z Dng(y)uj == / Uy(l‘>vu($) d.%', (27) {eq:per_weakform}
j=—N @

where oy = 0y 1 + 0y 2 and

oy1(z) = 22V e|? — $m?® + pyo,

N igmaat12
Uy:2(m) =¢c ' Z ¢($)V55(33 — yj)(x — yj), (2'8) {eq:sigm }

j=—N-1

Proof. Let u € Sx(y) be the interpolant of w satisfying (2.6). We start by multiplying the
derivative (2.4) for j € {—N,..., N — 1} by the component u;:

Dy Ehu; = — cu; /Q Vo (e — y;)é(z) da
= ¢ [ w@)hi(a —)ota) o+ [ (ue) =) V(o = )0la) da
_5/ 5. (2)V(z) dz +g/5 (& — y;)b() V() dz
/Q (u(z) — ) Vée(z — y)d(a) da = T9 + 79 1 7).

Here we have used integration by parts but there are no boundary terms since u, ¢ and p,
are periodic on Q. Using (2.5) we obtain a similar expression for Dy, £(y)uy. Summing over
j=—N,..., N we obtain

& y)u = Z Dng(y)-uj = T1 -+ T2 -+ Tg, (29) {eq:T123}
where T; = Z ( ;4 €{1,2,3}. From py =3 ;.7 0:(- — y;) it immediately follows that
7, = [ pyf@)ola) Vu(e) da
Q
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For 17 we can carry out the following rearrangements

le/ﬂptugéd:c
:/(—52A¢+m2¢)uv¢dx
Q

- / (—e*VoAd + m*¢V)udz

Q
:;/Qv(_g2|v¢y2+m2¢2)udx
2

Here, we have again used integration by parts and the periodicity of all functions involved. We
deduce that

- 1/(52‘V¢]2 — m2¢2)Vudx.
Q

T+ T = / oy1(z)Vu(x)dz
Q

with oy as defined in (2.8).
Before turning to 73 we first note that since v is piecewise linear

T — Y4

u(z) = uj + - yfj X (uj —uj—1) = uj + (. — y;)Vu(z) for z € Q; = (yj-1,¥;),
J J—

u(r) = uj + Yiet —jy- (wjt1 — uj) = uj + (. — y;)Vu(z) for x € Q1 = (Yj, yj+1)-
J J

Hence, T3 in the above equation (2.9) can be written as

N
Ty = (x) V(2 — ;) (u(x) — uy) dz
3 Ej:Z]\:fl/Q Y

N
= ¢(x)Vie(z — y;)(z — y;)Vu(z) dz
e ‘221;1/9 y y

= &7/ oy2(x)Vuder,
Q

with oy 2 as defined in (2.8), which concludes the proof. O

Remark 2.3. In more than one space dimension the above calculations can be generalized if
a triangular, respectively, tetrahedral mesh with the atomic positions as nodes is constructed.
For example, this leads to

oy1(z) = (=33 Ve — im?¢* + py¢) id +£*Vo ® V.

A closer look at the calculations in the above proof also shows that the weak form can
be obtained for semilinear models —e2A¢ + F’(¢) = p, with any convex function F. Even a
fourth-order model of the form e*A?¢ — e2A¢ + F'(¢) = p, admits a weak formulation in a
similar vein. O

As already suggested in the introduction the Green’s function for the differential operator
—£2A 4+ m?id acting on functions defined on R is given by

1 m
Ge(w) = 5~ < 21, (2.10)

We therefore get explicit formulas for the function values ¢(z) and V¢(x) for x €

{eq:greensfunction}



Proposition 2.4. Let y € Y be given and ¢ = arg minweH#(Q) I(p,y) be the corresponding
interaction field. Then, for every x € €0,

/ Gele =)oy () dz = 55 / 6.z — y) e E T d, (2.11)

keZ

/ Ge(x — 2)Vpy(2z)dz = — Z/ Vie(z —yp)e ¢ Tl gy, (2.12)

kEZ
Proof. The proof of this proposition is straightforward and can be found in the appendix. [

Using the fact that p, is |Q|-periodic we can write the integral (2.11) over R as an integral
over §) by introducing a periodic Green’s function GfQ

o(x) = /pr(z)Gg(x —z2)dz = /pr(z)GﬁQ(w — z)dz,

where GfQ is given by

Z e Iﬂf—VIQII_
2m8

vEZ
The energy £(y) then takes the form

2w =3 [ n@ow s =3 [ [ py@)6Zale ~2pyle) do d. (2.13)

A consequence of the simple exponential form of the Yukawa potential and some elementary
properties of the exponential function in one dimension is the following. Let y;,y; € R satisfy
Y; > yi + €0 such that the supports of particle densities representing the atoms ¢ and j do not
intersect. Then,

//(L(Z'—yj)e?'Z @l (x —y;)de dz = //6 z—yj)e %(zfx)ég(m—yi)dx dz
RJR

. y@)/e—?(z—y;)g (z —y;)dz
R

/
R

(2.14)

3

(yl_gg)&g(yi —z)dx

where we have defined

u—/éa(x)erg‘rdx —/55(m)e?xdx —/51(x)emxdx.
R R R

Although we will frequently use this property, it is not essential for our reasoning. It merely
makes some calculations more convenient. We point out that p = O(e™).

{prop:phiexpression

{eq:phiGreensf}

{eq:dphiGreensf }

{eq:EwithperiodicG}

{eq:mueffcalculatio



¢
gL /W!]R

ar, Y-K Yk QR

Figure 3.1: The atomistic model in the domain €2, with Dirichlet boundary conditions g =
9z gr]"-

3 Dirichlet Boundary Conditions

In this section we consider a version of the model (2.1) in the domain Q, = (ar,ag) C R
subject to Dirichlet instead of periodic boundary conditions. This concept will later be used
as the atomistic subproblem of QC methods. We set a = [ar, ag]’ € R? and Aa = ap — ar.
Throughout the present Section 3 we think of y = (y_k,...,yx) as an ordered element of
Q25+1 quch that ar, < y_x < --- < yx < ag. The particle density py is canonically defined by

K
Py =€ Z oc(- — y5)-
=K

For simplicity we assume that the y; lie well inside Q, in the sense that supppy N 0Q, = 0 or,
equivalently, y_x — ar, > /2 and ar — yx > /2.
We impose the following boundary conditions on the resulting field ¢ : 0, — R:

¢ar) = gr, d(ar) = gr,

or ¢laq, = ¢, for g = [gr, gr]T € R2. Then we define the interaction potential &, 4 : Q251 — R
via

Cagly) =— min IL(py), (3.1)

peHL(Q4)
#logg=g

where the functional I, : H'(9,) x Q25+1 5 R is given by
aR aR
L(p,y) = / (36%IVel* + gm*e?) dz — / pyp da. (3.2)
ar, ar,
For given y the minimizer ¢ = arg mincpefangrHé(Qa) I,(p,y) is the weak solution to
—2Ap+m2p = py in Qg,
dlon, = g
We will frequently use the decomposition
¢ = o+ ga,ga (3'4)
where ¢g € H&(Qa) and §, 4 € H 1(Q,), respectively, solve the boundary value problems

—®Adg +m’py = py in Qq,
dolon, =0,
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and
—2 A&y g+ Mg =0 in Q,
€aglo, = g-
It is easy to show that £, 4 has the form

m
€

{a,g(x) = CL(aag)e_%($_aL) + CR(a7g)e_ (aR—x)7 (35)
where the coefficients ¢y, (a, g) and cg(a, g) are given by

tag) = [He <[ TF T[] =g (3.5

CR((Z,g) 1—72 1—72 9dR

and we have defined

m
T=e R
We note that if |Q,| = Aa = ar — ay, is large compared with e, we get 7 ~ 0 and therefore

¢(a, g) =~ g because of the exponential decay of the Green’s function.

Next, we compute the derivative of &, , with respect to the atomic coordinates. For these
derivatives, we obtain a “weak” formulation of the same shape as in the periodic case (see
Proposition 2.1).

If y is monotonously increasing in the sense that y_x < -+ < yx, we denote by S(yUa) the

set of continuous, piecewise affine functions over the mesh given by the nodes ar,y_x,...,yx, aR.

Moreover, Sp(y Ua) = S(yUa)NH(Q).

Proposition 3.1. Let a,g € R? and y € Y be given. The potential Ea,g 1 Y — R defined by
(3.1) is continuously Fréchet differentiable.
(i) The components of the first derivative are given by

Dy Easly) = — /Q V6. ( — y;)é(x) da (3.7)

forj=-K,... K.
(11) Let uw € U be a test vector and u € So(y U a) an interpolant of w in the sense that
u(ar) =u(ar) =0 and u(y;) =u; Vje{-K,...,K}.
Then, if yiv1 —yi > o for alli e {—K +1,...,K}, ar — yx > /2, and y_x — ar, > /2, we
have

Dyé’a,g(y)-u:/ oy(z)Vu(x)dz,

a

where oy is given by (2.8).

Proof. The derivatives with respect to the coordinates y are easy to calculate along the same
lines as in the proof of Proposition 2.1. The weak formulation can be obtained as in the periodic
case (Lemma 2.2) using the fact that the interpolant u vanishes on 0€,. O]

It is worth pointing out that for g # 0 in general
1
Easl) £ [ puode.
Qq

However, we will see below that &£, 4(y) can be written as the sum of a boundary data contri-
bution and a term that is independent of g.

With a view to the subsequent derivation of QC methods we will from now on interpret a and
g as arguments to &, 4 rather than fixed parameters entering its definition. In other words we
consider the mapping Q251 x R? x R? — R, (y,a,g) — &,4(y). For future reference we derive
the derivatives of this mapping with respect to the boundary a and the boundary data g.

11
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3.1 Dependence on the Boundary

When formulating QC methods in Section 5 we will let the boundary a of the atomistic subdo-
main depend on the configuration y. Therefore, we need to understand the dependence of the
energy £q4(y) on a. Our main result is that the derivative D,&, 4(y) can be combined with
Dy, 4(y) into a weak formulation reminiscent of (2.7). This will be a central building block
for QC methods.

Proposition 3.2. Lety € Y satisfy yit1—yi > <o foralli € {—K+1,...,K}, ap—yx > €5/2,
and y_x —ar, > €5/2. Let u= (u_g,...,ux) € R+ and h = [hy, hg]" € R? be test vectors.
Moreover, let uw € S(y U a) be the interpolant of w and h in the sense that

U(GL) = hr, U(GR) = hg, and u(yj) = Uy Vje {_K? s >K}

Then,
Do&ag(y)-h+ Dy y(y)-u = / oy(x)Vu(z)de.

a

Proof. This is a direct consequence of the following two lemmas. O

For the first auxiliary lemma it is convenient to define a derivative of &, 4(y) with respect
to a = [ar ap]” when the relative distances between the atoms are kept constant. In other
words we consider the change in &, 4(y) when the whole domain €, is stretched with the atom
positions following this stretching. For given y € Q25+ let X = (X _k,..., Xg) € (0,1)25+!
be determined by y; = ar + (ar —ar)X; for all j € {—K,..., K}. Then, for fixed g and X we
define B

E(a) ==& glar + (ar —ar)X) (3.8)

and B B
Dag€ag(y) = Dap&(a).

Here, we interpret the sum ar, + (agr — az)X in a componentwise manner: (a + AaX); =
ar, + AaXj for all j € {—K,...,K}. The derivative Dy, £, 4(y) is defined analogously, from
which it is immediately clear that Dy, £49(y) = —Dayp€aq(y)-

Lemma 3.3. Let y € Q25+ Then

Donfus®) = 37 | @), (3.9)

Proof. First, we set n(a) = ar + AaX. We begin by transforming the problem to the unit
interval (0,1) using the transformation x — X(z) = (z — ar)/(ar — ar):

Ela) = Eugn(e) = [ (<3eV67 = hm? + pyiy0) da

Ao [ (== Vo = "5 4 ) dX
- a/O (_QACL2|V¢’ _7¢ +pn(a)¢> .

Here, ¢(X) = ¢(z(X)) and Pr(a)(X) = ppa)(@(X)). Tt follows as in Proposition 2.1 that to

calculate D,E(a) it is sufficient to calculate the partial derivatives of the right-hand side with
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respect to ar (the derivative of ¢ or gg with respect to ar does not appear since ¢ is a minimizer
of I,(-,y)). This leads to

_ 1 2 m2a, R L2
Dap&(a) = /0 (‘MW¢| -5 +Pn(a)¢> dX +Aa/0 @’V@ dX

1
+ ACL/ ¢D(1Rﬁ17(a) dxX.
0

Transforming the first two integrals on the right-hand side back to the interval 2, we arrive at

1 g2 9 1
Aasw(y)+Aa/ﬂaw dr = Aa/ﬂa oy () e,

where 0,1 was given in (2.8).
What remains to be done is differentiating py,(,) with respect to ar. By the definition of the
transformation x — X (z) we have

K
DaRﬁn(a) (X) =€Dqp Z 55((613 —ar)(X — X]))
=K

K
=c > (X - X;))Vé((ar — ar)(X — X)).
j=—K

Using Aa(X — X;) = (z — y;) we therefore get
1 e XK
Ba [ 0Dua X = 52 30 [ (0= 9)Vhila = )ota) da
j=—K /0

1
= Aa/ﬂa O—y’Q(x)dx

with oy 2(2) as given in (2.8). O

We can now derive a weak form for the derivative D&, 4(y). Therefore, we define 0 € S(yUa)
to be the piecewise linear function with

Or(ar) =1, Ogr(ar)=0, Ogr(y;)=0 forall je{-K,...,K}.
The function 07, € S(y U a) is defined analogously.

Lemma 3.4. Lety € Q25+ satisfy yi1—vy; > eqo foralli € {—K+1,...,K}, arp—yx > €5/2,
and y_g — ar, > €59/2. The derivatives of &, 4(y) with respect to ar,, ar (for fired y and g)
satisfy

D, &0 g(y) = /Q oy(2)VOr(z)de,

Dop&ayg(y) = /Q oy(z)VOr(z)da.

Proof. Let ©p be the affine function defined on Q, with ©r(ar) = 0, Or(ag) = 1. Since
VOg(z) = 1., Lemma 3.3 yields

DaRg(Ly(y) = / UyV@R dl‘ == / O’yV(@R - HR) d.'l: +/ O'yveR d$ . (310) {eq:Thetatheta}
Qq a

a
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Now, we have O — 0r € So(y U a) and hence, by Proposition 3.1,

K

/ O'y(l')v(@R - HR) d.’f = Z Dnga,g(y)@R(yj) (311) {eq:Thetatheta2}
a j=—K

However, ﬁQRé’a,g (y) was defined as derivative with respect to ar, while the relative distances
of the atoms are kept constant. This can be formulated as

K
DaRga,g(y) = DaRga,g<y) + Z Dnga,g(y)@R(yj)-
j=—K
Inserting this into (3.10) and using (3.11) then gives

/Q oy(2)VOrdr = Dy ,Eq4(y).

Similarly, we can show the expression stated for Dy, £q4(y). O

3.2 Dependence on the Boundary Conditions

Next, we deal with the derivative of &, 4(y) with respect to the boundary conditions g when
the configuration y and the boundary a are kept fixed. Knowing this derivative is important
for subsequent QC coupling because the boundary data will in general depend on y. We define

wlya) =2 [ py(@)Gule - ar)ds.
e (312) {eq:gammalLgammaR }
’YR(y)a) = 2/Q py(x)Gg(aR—I') dx .

{lemma:depbdrycond}

Lemma 3.5. The partial derivative of £, 4(y) with respect to g is given by:
DyE44(y) = —ma((l — 72 {CL(G’Q)} - {”m(y,a)} )T. T,
gmg CR(CL, g) ’YR(yv a) “

where T, and c(a,g) = [cr(a,g) cr(a,g)]” were given in (3.6) and T = ee e

Proof. Throughout the proof we suppress the arguments of vz, vr, and c¢ for readability. We
recall the additive decomposition ¢ = ¢o+&, 4 from (3.4). It follows from —e2A&, s +m?E,y =0
and ¢o € H}(Q2) that e2(V&, 4, Vo) + m?(&a g, d0) = 0. Hence, a quick calculation shows that
the energy &, 4(y) can be written in the following additive way:

ga,g(y) = —Ia(¢,y) = _Ia(¢07 y) - Ia(€a7g7 y). (3.13) {eq:Eintbdry}

The first term on the right-hand side does not depend on the boundary conditions g and the
second term is known explicitly: using —52A§a7g + mzé’a,g = 0, integration by parts and the
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explicit formula (3.5) for &, 4, we get

L(€agry) = / L(E|VEn o2 + m2e2,) do /Q pyng da

a a

2
= (g (00) Veag(ar) + Eaglon) Véay(an)) - /Q pytagda

= % (cf +ck) (1~ e_Q%Aa) - / py(cre” e@ ) 4 cpe= 2 (@R"D) g
Qaq
2 2
:me(CL —|2- ‘R (1 _ 7_2) _ 22m€/ py(CLe—%(a:—aL) 4 CRG—%(aR—m)) dx)
Qa

2 2
:me<CL —12— R (1—7%) = (erve + chR)).

Here we have used the Green’s function G. from (2.10). Differentiating this expression with
respect to ¢z, and cr and applying the chain rule with Dyc = T, yield the result. O

Remark 3.6. We remark that D&, ,(y) = 0 if and only if ¢z (a,g) = y.(y,a)/(1 — 72) and
cr(a,9) = Yr(y,a)/(1 — 72). According to (3.6) this corresponds to the boundary conditions

L nly ) +meya) ey L T(,0) + kY, @)
1—71 147 ’ R 1—71 147 '

91(y,a) = (3.14)

In other words the boundary conditions are weighted averages of the values ﬁwp(y, a) and
ﬁ’YR(ya (Z). g
Remark 3.7. As seen in Lemma 3.5 the boundary data contribution I,({,4,y) to the energy
Ea¢(y) is quadratic in g. For fixed configuration y and domain 2, the boundary conditions
g = g*(y,a) minimize the boundary data contribution I,({s4,y) to the energy &, 4(y). This

is equivalent to minimizing I,(-,y) over H'(£),) and therefore leads to homogeneous Neumann
boundary conditions V¢ = 0 on 9f),. O

If the domain €, is large and hence 7 ~ 0, then v.(y,a) = g} (y,a) and Yr(y,a) = gi(y,a).
We can then simplify the expression for I,(&,,4,y) given in the proof of Lemma 3.5:

CL(CL,g)2 + CR(CL, 9)2
2

(920 (y, @) + 9095 (v, a))) L o). (3.15)

Ia(&a,gv y) = mg(

2 2
_.I_
= me (gL I

(1—=7%) = (co(a, 9)v2(y. a) + crla, 9)vr(y, a)))

2

A useful fact for the analysis of QC methods is the global Lipschitz continuity of the solution
¢ in the L*°-norm with respect to the boundary conditions ¢ for fixed y and a. This is direct
result of the exponential decay of the Green’s function.

Lemma 3.8. Let ¢1,¢2 € H(Qy,) be minimizers of I(-,y) subject to the boundary conditions
g1 € R?, respectively, g» € R%. Then,

o1 — dallzee < V2|Tullg1 — g2l
el V1 — Vol Lo < V2m|Tu|[g1 — gal.
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Proof. We write both functions in the form ¢; = ¢o+&4,4,, ¢ € {1,2}. Let ¢ = [c1,1, cLR]T, cy =
[ca.r, c2,r])T be the respective coefficients entering &, 4, i € {1,2}. Hence, we get

|¢1(2) = P2(2)] = |€ag) (2) = Ea,go ()]

,m(
<lei,L —cor|e e

< \/5’91 - 92HTa‘

z—ar,) —Bap—=)
L4 lei,gp — cople” €\

uniformly in z. Taking the supremum over x € €, yields the bound for ||¢1 — ¢2||p~. The
bound for the derivatives is obtained similarly. O

The bound given in the previous result is rather crude. The effects from the boundary data
decay exponentially away from 0€,, and hence |¢1(x) — ¢2(z)| is much smaller well inside §2,.

3.3 A Special Case

{sec:specialcase}

In this short section we take a look at the interaction potential &, 4 from (3.1) with the y-
dependent boundary conditions ¢ = ¢*(y,a) from Remark 3.6. This will be a useful starting
point for the design of QC methods in Section 5.

Proposition 3.9. Let y € Q2K+1. Then,

1 - r—=z
Eagwa)(¥) = / / py(x)e” = "y (2) dzdz + TM (L, vR)
¢ “ (316) {eq:Eg*}

1 m m
+ 4m€/ / py(x) (e ¢ (Qag=2=2) L o=% (x+z_2“L))py(z) dzdz

where M, (vr,vr) depends quadratically on i and vg.

{prop:Eg*}

Expression (3.16) can be interpreted as the energy of the atoms represented by y interacting
with each other plus the interaction with mirror atoms outside §2,. This mirror interaction was
introduced by means of the boundary conditions.

For the proof of the proposition, it is convenient to use an explicit formula for the function
values of ¢g € H}(£2,) from the decomposition (3.4). As we saw in Proposition 2.4, the Green’s
function for the equation —£2A¢ + m?¢ = p, in R is given by G:(z,y) = %mse_%‘x_y'. This
could be used to obtain an explicit formula for ¢(z) in the periodic case. We will now construct
the Green’s function G., for the operator —£2A 4 m?Zid subject to homogeneous Dirichlet
conditions on 9f),. Following a simple construction (see appendix or [16, Chapter 2.2.4]) we
obtain

Gealz,2) = GW)(x,2) + TGga(l', z), (3.17)  {eq:cacica}

,a

where

1 m m m
Gglg(ﬂfa Z) = — (e_ € |le—z| e & (z+z—2ar) _ e e (2(1R—I—Z)>
' 2me
1 1 m
COlw2) = = gy (re SO e
) me s

)

o3

(2agp—z—=2)

— T (z—24ar—ar)

m

—e _ e—%(z—:c—s-aR—aL)).
If the domain €2, is large compared with e, that is Aa > €, we have G, , = GQC)L To make the
following formulas more readable we suppress the arguments of vz, and vg from (3.12). We get

the following result.
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Lemma 3.10. Let ¢o € Hi(Qq) satisfy —e*>Ago + m>¢o = py in Q. Then,

¢o(x) = Geal(z,2)py(2)dz Vo € Q. (3.18)
Qq

Proof. The proof is provided in the appendix. O

Proof of Proposition 3.9. We have already seen in (3.13) that for any choice of boundary data
g € R? the energy &, ,(y) can be written as the sum of two terms

Eag(y) = —1a(¢,y) = —ILa(d0,y) — La(bag. Y),

where I,(¢p,y) is independent of the boundary conditions.

Calculation of I,(¢o,y). Since the function ¢q is a minimizer of I,(-,y) over H(€), we have
with the expression (3.18) for ¢o(x) that

I(¢0.y ——/ / pydo de _—/ / (@) G (1, 2)py (2) A2 da (3.19)

By the definition (3.12) of 77, and v we have

(2 me o
4m€/ / pyla)e” e BT py () de dz = T

:r;+z 2ar,) __me
4m€/ / py(z)dx dz = 1 —3, (3.20)

+ . me
4me/a/a s py () da dz = =y,

Inserting the expression (3.17) for G, , into (3.19) and using these equalities yields

Ia(¢0,y) = —/a/apy (z.2)py(2) dzda + == (47 +97)
T

+T1

Calculation of I4(&4,g+(y,a)> ¥)- From Lemma 3.5 we know that for general g

(T'yL + 7Y% — 2YLVR)-
c% + c% 9
Ia(gagay) = me T(l -7 ) - (CL’YL + CR’YR) .

If g = g*(y,a), then ¢, = v1/(1 — 72) and cg = yg/(1 — 72) as seen in Remark 3.6. Hence,

msl

Ia(fa,g*(y,a)yy) 2 1— (7L + PYR)
Isolating the dependence on 7 gives
2
me me T
Lo(€agya¥) = = 1 %) — 5 72 (00 +7R)- (3.21)
Conclusion. Adding —1,(&q g+(y,0)»Y) as just obtained and —I,(¢o,y) from above we arrive at
T—2z me
é;a7g*(y a !/ 47718 J/P J/‘ l)y 5 | |Fﬁ/(z) (12f(11: %_ ‘zif (fy% _% q&%)
(3.22)
- 4 1= (T’YL + 2y + T’YR)
Defining 7 M- (vr,vr) to be the third term on the right-hand side and applying (3.20) yields
(3.16). O
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Yj—1 @ gy @y Qi g,
Figure 4.1: The Cauchy—Born approximation: independent periodic problems are solved on the

cells Q; = (y;j—1,y;) leading to locally defined fields @)

4 The Cauchy—Born Approximation

The next building block we need for the design of QC methods based on the model (2.1) is the
respective continuum model, which will be derived using the Cauchy—Born approximation. Let
y € Y satisfy miny’ > ¢y. As outlined in the Introduction the Cauchy-Born approximation
consists in considering the cells Q; = (yj—1,y;) one by one and computing their energy as if
they were part of an infinite chain with homogeneous deformation. This is equivalent to solving
the periodic minimization problem restricted to @Q; (see Figure 4.1). We therefore define the
Cauchy-Born energy of the cell Q); by

ngb(y) — — min )(/ (%82‘V1/)|2 4 %m2¢2) dr — /prq/)dx> (41)

weH;#(Qj Qj

Note that this energy only depends on the distance (y; — yj—1). The minimizer @) of the
above problem (4.1) obviously satisfies the equation —e?A\W) + m?ypU) = p, in Q; and its
|Q;|-periodic extension to R:

Here we have defined the positions y/) = (y,(j ))k;eZ of an infinite chain of equidistant atoms by

v =i+ (k=) —yi-1) kL.
The Cauchy-Born approximation £%(y) of the atomistic energy £(y) is then given by the sum

over all cells
N

Ey)= > &'y Z / py¥) dz (4.3)

j=—N

Whether £%(y) is a good approximation of £(y) strongly depends on the regularity properties of
y. As we will see below, if y is smooth, i.e., the second difference y” is small, then |E(y) —&(y)|
is small.

Let w € U be a test vector and u € Sx(y) an interpolant of w in the sense of (2.6). It
follows as in Lemma 3.3 that the derivative of 5;;1; (y) can be written in the form

DyEtw)u= "= [ oy de = [ ol (@) Vu(e) do,

Yi —Yi-1 JQ; ;
where the local continuum stress function U]ley, in direct correspondence with (2.8), is
o (2) = 12990 ()2 — Lm0 (@)? + py ()9 ()
N
j (4.4)
e Y. W@V -y - yy).
j=—N-1
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Furthermore, we define the Cauchy—Born stress function af}’ : Q2 — R by

azb(x) ajz(x) if xeQ;

for all z € Q.

4.1 Consistency

Next, we turn to the consistency analysis of the Cauchy—Born approximation, for which we
thoroughly analyze the modelling error incurred. From the previous sections we deduce that

(DE() ~ DE W) u| < [ |oy(a) — 030 (@)]| [Vu(a) ds
Q

N
= oy(x) — |Vu(x)|dz,
2 vt -

where the stress functlons oy and 0 y are glven by (2. 8) and (4.4), respectively. The difference

between oy and a is that the ﬁelds ) entering aj y are calculated independently on every

cb
J'!J

descrlptlon to the Cauchy-Born approximation it is hence sufficient to analyze |¢ — Pl ] and
|V — Vpli)| in Q; for every j € {~N,...,N}.
First, we provide a technical lemma

cell Q;. To 1nvest1gate the modelling error ‘O'y x)— (x)} incurred by going from the atomistic

Lemma 4.1. Let y € (>°(Z) and define y\9) = (y,gj))kez by y,(cj) =y; +ey;(k—j) for allk € Z. pee
Then, forn > j:
lyn — 45| < (0= )%y e (jjin—1))-
If n < j—1, then
yn =y < (G — 1= n)? Y e (pur1.j-1))-

Proof. Since y;_1 = yj(]_)l and y; = yj('j)

n k—1 n k—1
yn — Y =€ Z M =23 S - =23 Sy,

k=j+1 k=j+11=j k=j+11=j

we get for n > j:

where have used that (y (g )) is constant. Changing the summation order we get

n—1
—y —EQZ Z yl =y (n
I=j

=7 k=l+1

So, we deduce that '
|yn - ?/7(3” <(n-— j)252||y”||e°°([j,n—1])~

If n < j — 1, we obtain with similar steps

Jj=1 j-1
Un yﬁi——ez e — () =€ v
k=n+1 k=n+1 =k
which implies that
|y — y| < )22 (|y" g% ((nt1,j-17)
as desired. ]
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The next result addresses the errors |¢p(z) — ¥V (z)|, |[Vé(z) — VopU)(z)| for z in the cell
Q;. As anticipated by Lemma 4.1 it depends on the second difference y”.

{lemma:psijconverge

Lemma 4.2. Let y € ) satisfy miny’ > ¢y. Let ¢ € H#(Q) satisfy (2.2) and U9) € H;E(Q])
satisfy (4.2), respectively. Then,

e}
16 = D i) < 2 D19 e (jmngen—ryne™™ ™Y, and

n=1

Ve — eVl HLOO(Qj) < mpe ZHy//||é°°([j—n,j+n—1])n2€_mnminy/-

n=1

Proof. From Proposition 2.4 we immediately deduce that, for all z € @),

¢(:U) = 5 o — yk B |(Efz| dZ,

2m Ré

v | | (45) {eq:phiandpsij}
Y(z) = o de(z—y axfzdz.
2m R}%
Since yj('j) = y; and yj(‘j,)1 = y;_1, the respective terms in the sums cancel. Hence, we get for
T € Qj:
m keZ
k#j—1,5

We now derive bounds on the individual terms in the sum. Note that (2.14) simplifies the
following calculations but due to the smoothness of the Green’s function similar bounds can be
obtained without it.

Step 1. Let k > j. Then we have |x — z| = z — z for all z € suppd.(- — yx) and all z €
suppoe (- — yl(f)). Thus, with (2.14),

. My, " m z (]')733
3 / —yk) — 0:(z — y,(j)))e el gy = %(e e (o) _ o= 7 )). (4.6)  {eq:phininuspsi}

If ylg 2 > yg, then

1 o .
‘/(55(Z—yk)_5a(z_yl(€3)))e—5ﬂc—z dz| < Le—g yk—r)(l_e_s Yy —yk))
R

2m

Using (yx, — ) > (k — j)e miny’ for all z € Q); and applying Lemma 4.1 leads to

>
12 He . (i . ’
2° e Mye — < 7||y"||eoo([j,k_1])(k*J)Qe (k=g)mminy’,

The same bound on (4.6) can be obtained if y,(Cj ) < Y-

Step 2. For any k < j — 1 we can use the same techniques to obtain that

L 65 Z— Yk 75& Z*y(]) e—%lﬂf—ﬂ dZ
R k

2m

ad ] —(J—k— miny’
< Y e 1,1y (F = e = 1)Pe” U R Dmminy,
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Step 8. Summing over all k € Z\{j — 1,j} we deduce that

|6(z) — D (2)] < pe ZHy"Hew([jfn,jmfu)n%*mnminy,-

n=1
Step 4. The derivatives of ¢, 1) in Qj [yj—1,y;] are given by

Vola) = 5= > [ Vale—u)e E s,
keZ

V(e Z / Véo(z —y)e el .

kGZ

For k > j, respectively, k < j — 1 the exponential factor can in both cases be replaced with

m m
e~ e B7%) respectively, e = *7?). Integration by parts leads to the same situation as above
with one power of ¢ less and a factor of m more. O

The next result is only a slight modification of the previous one. The idea is to only treat the
modelling error from a finite number of neighbouring atoms explicitly and to find an upper
bound on the contribution from atoms that are further away from @);.

Lemma 4.3. Let ¢ € H#(Q) satisfy (2.2) and 1) € H#(Qj) satisfy (4.2), respectively. Then,
for any M € N:

) M-1 2,[1, e—mMminy’
2 : "
H¢ - w(j)HLO"(Qj) s ep Iy ”ém(j*"»ﬁrn*l)n ey = m 1 — e—mminy’
and
) M-1 , 2 e—mMmmy
/
el|Ve = Ve i) < emin Y1y e mngn—nyne ™ Y 2
n=1

Proof. The first error part is derived as in the previous lemma. We then look at the contribution
to ¢(x) from the atoms in yy, for k > j + M:

1 m m
— / de(z —yr)e e o=zl qp = / 0c(z—yp)e ¢ T yn) g e () 4,
2m Jr 2m

_ T yp—z
2m
~ 2m
< Leme min y’efm(kafj) min y"
~ 2m
Summing over k > M + j we hence get
—mM miny’
- |x 2| uoe
Z /5 z yk dZ< ml_e m min y’

k J+M

The same bound can be obtained for the sum over all k¥ < j — M — 1. Similarly we deal

with the contributions of these k to ). The triangle inequality then shows the bound on

Hqﬁ — ) HLoo(Q-)' The proof for the bound on gHV(b — Vo) HLoo(Q-) works analogously. O
J J
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The following result establishes L°°-bounds on ¢ and V¢ that only depend on m miny’.

Lemma 4.4. Lety € Y, y' > o, and let ¢ = arg minweH;(Q) I(p,y) be the corresponding field.

Then, there are continuous functions Ky, K;, independent of €, such that

6]l o) < Ko(mminy'),
e[V Loo() < Ki(mminy').

{lemma:phiLinftynor

Proof. Let x € [yj—1,y;]. Then, (2.11) and (2.14) imply that

b)) = 5 - }j/ﬁ e Tl g,

kEZ
_ _ Lla—zl g, 4 H — 2 a—yxl
—Qm/ —yj-1) +0:(2 —yy)) e e dz+2m§ee Wl
k#j—1,j

Since |x —yg| > (k—j)eminy’ for all k > j, and |z —yx| > (j — 1 —k)eminy’ for all k < j — 1,

1 1% > : ’
< = 5 z| d et —vmminy
o) < o [ o0 Ea 13 e
1 m e~ m min gy’
- -2 Il I inay
= m/R5€(z)e B dz+m1_e_mmmy, < Ko(mminy').
m
The integral term here is bounded since e~ el is bounded and fR z)dz = 1. Similarly we

obtain, with (2.12), that

—mminy’

€ .
[ oy < Ki(mminy),

1 m
elVo(z)| < — / e|Vo-(2)le e Fldz +
mJRr

where we have used that [, £|Vd.(z)|dz is uniformly bounded in e. O

Note that both Ky and K also implicitly depend on m. However, we think of m as fixed and
therefore suppress this dependence. The parameter m determines the range of the interaction
and therefore also y’. Instances of my’ will appear frequently in the analysis of the QC method.

The quadratic nature of the model (2.1) results in stress functions o, and quf]y that are

quadratic in the fields ¢ and ¥U), respectively. Together with L>-bounds on ¢ and w(j this

allows us to easily bound the modelling error Hay - aj-l” L(0;) in terms of H(b Pl H L(Q;)
and || V¢ — VU HL 0,)°

Lemma 4.5. Let oy and ajc-f’y be given by (2.8), respectively, (4.4). Then, forallj € {—N,...,N}

<K1(mm1ny EHqu V@D HLOO Q)
+ (m*Ko(mminy’) + C)||¢ — YU HLOO Q;)’

oy _Uac'z;HLoo(Q

where the constant C only depends on 0.

{lemma:contstressco
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Proof. From the definitions of the atomistic and continuum stress function we deduce that

oy(z) — o (2) = —f(e-:w»(:o b9 (2)) (eV(x) + Vi (z))
m? (¢(z) — U < ) (¢(z) + ()
—~ py(x)(¢<x> — ()

j
— (¢(x) = V() Y eVee(x —yi)(x - vi)
i=j—1
for all x € Q. With 6.(z) = e7161(x/e), the L>®-bound on ¢ from Lemma 4.4, and a similar
bound for () we get

51eVo(x) + eV (z)| < Ky(mmingy'),

%Q‘gf)(x) + w( ()] < m2Kg(mm1ny )
lpyllzee < {101z
eV (x — yi) (@ — yi)| < || Vorid| L
which implies the stated result. O

4.2 Stability

Besides consistency, the second crucial property of an approximation to a given model is stability.
In the present case, we need to determine under which conditions D2£P(y) is positive definite.

Lemma 4.6. Let y € Y satisfy y' > . Then, for all j € {—N,..., N},

m2 2

2

ngjb(y)-[u,u] > e*mmaxyle\u;ﬁ Vu e U.

Proof. We first recall that E;b(y) = % fQj py9) dz because ¥1) is a minimizer of (4.1). Ex-

tending () |Q;|-periodically to R and using the symmetry of the cell problem, we can rewrite

this as
EL(y / 0e( @(z) dx.

We now insert the explicit formula (4.5) for 9U)(z) and apply (2.14) to get

&) = Z//ax—y] 5.0z — y D)o~ B2l dz o

kEZ

€
:Lze Flus—ul 4 g, o

where the constant sy coming from k = j in the sum represents the self-energies of the atoms

in the cell Q;. Here we have also used that |yl(€j) — yj’ = |k — jly; for all k € Z. Differentiating
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twice leads to

9 o0
Dqub(y) . [u ’Ll,] _ mp e Z VQe—l/my; ’ul.‘Q
J ’ 2 J

v=1

mpu?
_ !
E’U;‘QE :VQG vmmaxy
2
v=1

v

mpu?
2

Y

e—mmaxy’ E‘u;‘Q.

In the last step we have only kept the term for v = 1, which represents the nearest neighbour
interactions. O
Finally, we prove a Lipschitz bound for the second derivatives DQEJ‘?b.

Lemma 4.7. Let y;,y, € Y. If miny] > so > ¢ and minyh, > so, then for all j €

{=N,...,N}

m2 2
2

[o@)
(e\u;|2) Hy'l — y'QHEOO Z Ve VM0 iy € UY.

v=1

}(Dggfb(yl) - D25§:b(y2))'[ua UH <
Proof. The derivative DQEJQZ’ was calculated in the previous proof. Hence,
mp?  —
(D€ (y,) — D*E(yy)) - [u, u) = —€ S TR (e — e e ) |,
v=1

Since by assumption y; ; > so and y5 ; > so, we get with the Mean Value Theorem

! /
YL VY2,

— / /
‘e —e ‘ < vme ”mSO\yl’j — ylj"

Inserting this in the previous equation concludes the proof. ]

5 Quasicontinuum Coupling

The computation of the original atomistic energy £(y) involves the solution of the optimization
problem (2.1) posed in the whole of Q = (y_n_1,yn). Our goal is the construction of compu-
tationally cheaper, approximate energies £9¢(y) such that £(y) ~ £9°(y) for all relevant y and
minimizers y%¢ € ) of

E¥(y) = E%(y) + (£ y)e,

are good approximations of minimizers ¢ of the energy Ey from (2.3).

Following the basic philosophy of the QC method we need to approximate £(y) using the
continuum model where y is smooth and a version of the atomistic model where y is nonsmooth.
In the following we will implicitly assume that the configurations y € ) under consideration
are smooth except in the segment y_g, ..., yx for some K < N. We divide 2 into an atomistic
subdomain Q2 such that y; € Q2 for all j € {~K,..., K} and the continuum domain Q% =
Q\Q2t, In Q% we will use the Cauchy-Born approximation on a cell-by-cell basis. On the other
hand, in Q2 we will use the atomistic model with Dirichlet boundary conditions as discussed
in Section 3.

This basic outset gives rise to a variety of possibilities including the precise choice of Q2
and the boundary conditions imposed on the atomistic subproblem. Both will in general depend
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() 9r(Y)
ay, )

WL L e

Y-K-1 Y-K YK YK+1

Figure 5.1: An illustration of the first QC method. In Q* = (ar(y),ar(y)) the atomistic
problem is solved with the Dirichlet boundary conditions g*(y). Outside Q* the Cauchy-Born
approximation is used in all cells Q).

on the configuration y. Our main objective for £9¢ is the existence of a weak formulation in the
sense that
DEF(y)-u = / o (x)Vu(r)dzr,
Q

where u € Sk (y) is a piecewise linear interpolant of u € U and of is a stress function to be
determined. If this weak formulation can be obtained, the consistency analysis reduces to error
estimates on fields.

Throughout this section ¢ € H#(Q) denotes the solution of the original minimization prob-
lem (2.1) for a given configuration y € ).

5.1 A Method With Optimal Boundary Conditions

For the first QC method we place the boundary a of the atomistic subproblem halfway between
the interface atoms, that is a = a(y) = [ar(y) ar(y)]’ with!

_K-1+ Y- +
ar(y) = Y-K 12 Y K, ar(y) = YK 23/K+1'
Let O = (ar(y),ar(y)) and QP = Q\Q*. We write the QC energy £9°(y) as the sum of a

continuum and an atomistic part
E%(y) = EP(y) + EM(w), (5.1)

which are introduced below.

We note that because of the definition of a(y) there are two half cells, (y_x_1,ar(y)) and
(ar(y),yx+1), in the continuum region Q% (see Figure 5.1). Since the cell problems on all
Q; are symmetric, the Cauchy-Born energies of these half cells are given by %SibK(y) and
%Sf(bﬂ(y). The continuum part of the energy £9°¢ is then defined by

—-K-1 N
EP(y) = D EPW)+ W) + 38R+ D &P W) (5.2)
j=—N+1 j=K+2

The coordinates of the atoms in the atomistic region Q are represented by

Yat = (y—Ka 7yK)

!The analysis presented in this section immediately carries over to the choice ar(y) = y—x and ar(y) = yx.
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For the definition of £2*(y) we consider the minimization problem (3.1) on the atomistic domain
*

Q2 subject to the Dirichlet boundary conditions g*(y) = [g9%(y) g5(y)]T. In correspondence
with Remark 3.6 and Section 3.3 they are given by

ey L o(y) + mr(y) e L m(y) + vr(Y)
9Ly =1 T v 9r(Y) = T ;
where 7 = e_%A“(y), and (see also (3.12))
ar(y) ar(y)
L(y) = 2/ py(x)Ge(x —ar)dz,  r(y) = 2/ py(2)Ge(apr — x)dz.
ar(y) ar(y)

The energy contribution from the atomistic subproblem is thus given by
gft(y) = ga(y),g*(y)(yat)

= = inf{Ia(y)(§07yat) DopcE Hl(Qat)¢ 90|8Qat = g*(y)}a

where I, is defined as in (3.2). We denote the solution of this optimization problem by
¥ € H1(Q2Y). Tt satisfies the boundary value problem

—2 A +m2h, = py in O,
Patlogr = 9" (y)-

From a computational point of view ¢g*(y) is also a convenient choice since this is equivalent to
homogeneous Neumann boundary conditions. In Section 3.3 we deduced a clear interpretation
of the effect of this choice of boundary data: besides the interaction among themselves, the
atoms in Q2 interact with mirror atoms outside Q3t.

We stress that ¢g*(y) and hence £2*(y) only depend on the components y_ g 1,...,YK+1-
Only the four components y_x_1, y_xk, Y, and yx4q enter both £2* and £.

In analogy to (2.3) we search for minimizers of the total potential energy

E‘?’C(y) = gqc(y) + (f7 y)E (53) {eq:totalenergyminq

in ), where f € U2 represents an external force. A minimizer 4% will satisfy the Euler—
Lagrange equation
DE¥(y) = DE“(y)+ f =0 euU "2

Throughout the remainder of this article we assume that the atomistic domain Q2 is large
compared with e:

_ _ o~ FAaly)
ar(y) —ar(y) >e such that 7=¢ ¢ ~ 0.

To keep the formulas slightly more compact we therefore do not keep track of the 7-dependent
terms arising from the atomistic domain explicitly but include an O(7) where necessary.

5.1.1 Consistency

In order to study the consistency properties of the QC energy £9°(y) from (5.1) we first need to
calculate its derivative. Having established weak formulations for the derivatives of £, £P, as
well as &, 4, we will prove that the Quasicontinuum energy £9¢ admits a similar reformulation
of DEY(y) - u. For this we have to take into account that both the boundary of the atomistic
domain 0 and the boundary conditions depend on y. The necessary preparations were carried
out in Section 3.
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Lemma 5.1. Let y € Y satisfy miny’ > ¢y. Furthermore, let w € U be a test vector and
u € Sy(y) an interpolant of w in the sense of (2.6). Then,

DEqC(y)-u:/Qagc(x)Vu(x) dz, (5.4)

where

g ol(x) if € QP,
U’!J (l’) - at ; at
O'y,*(l’) if © € Q)

and o3t () is given by (2.8) with ¢ = ¢3.

Proof. Continuum Contribution. From Section 4 we already have the equality

cb _ cb
DE; (y)-u-/Q.ayJ(x)Vu(:v)dx,
J

je{-N,...,—K -1} U{K +2,...,N}. For the contribution 3E%;(y) from the half cell
(y—k—-1,ar(y)) we make use of the symmetry of the cell problems. Since Vu|g , is constant,
ar(y) is the midpoint of Q_x = (y—x—-1,y-xK), and O',ZE)_K is symmetric in Q_ g, we deduce
that

ar(y)
%DgfbK(y)-u = 1/ o 1 (z)Vu(z)dz :/ o 1 (z)Vu(z)dz.
2 x . Y-K-1 v

Analogously we treat %8%+1(y). Hence,
DEP(y)-u = /ch J;b(m)Vu(x) dz
cb _ ~cb :
where 0y°(z) = 0 (z) if 2 € Q;.

Atomistic Contribution. To calculate the derivative DE*(y) we use the chain rule and the
derivatives that were provided in Section 3. Applying Proposition 3.2 (with hy = (u—g—1 +
u_g)/2, hr = (urg + ux+1)/2 because of Dya(y) - u = a(u)), we get

DEM(y)-u = Dy&yy) g (1) Yar) - Uat + Daa(y) g% () Yat) - Dya(y)-u

at (55)
= Oy () Vu(r) dr,
Qat
where the stress aZf* is given by (2.8) with ¢ = ¢} and us = (u_kg,...,ux) € R+ g
the section of u corresponding to the atoms in the atomistic region. Note that the choice of
boundary conditions implies D&y (y) g+ (y)(Yar) = 0 as seen in Remark 3.6. O

We point out that the weak form (5.4) of the derivative DEY¢ already implies that there are no
ghost forces for homogeneous deformations y. If the atoms are equidistant, then g (y) = ¢(ar)
and g5(y) = ¢(ar) and thus also ¢ = ¢ in Q*. It is obvious that Y = ¢ in Q; for
all j € {-N,...,—K — 1} U{K + 2,...,N}. Summarizing, we get oy’ (z) = oy(z) for all
x € §, which implies that there are no ghost forces, that is, DE%(y) = 0 for all y = FX ¢ Yy
representing homogeneous deformations.

Next, we prove consistency of the QC method. Because of the structure of the weak formu-
lation (5.4), the analysis comes down to estimating the errors between the field ¢ coming from
the original atomistic model and the fields ), respectively, o3
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For M € N we define the index set
Cuy={-N,....-K+M—-1}U{K—-M+1,...,N}. (5.6)

This set represents all atoms in the continuum region plus 2M atoms at the two ends of the
atomistic region.

Lemma 5.2. Let y € Y be given and assume miny’ > sog > so. Then, there exists C > 0 such
that

[(DE(y) — DE™(y))-u| < Clelly”lle=(ca) + ™) IVull 2,

for all w € U, where u € Sy (y) denotes an interpolant of w in the sense of (2.6). The constant
C depends only on sy and d1.

Proof. Using the weak formulation (5.4) of DEY(y) we obtain

‘(Dyé’(y) — DyEqC(y)) u} = ‘/Q(Jy(x) — agc(x))Vu(x) dzx
<oy = oylliz ) [IVullp2

<127 oy — ol IVallys -

(5.7)

We therefore need to find error bounds for ||oy — o[y both in the atomistic and the
continuum region.

Continuum Contribution. Since miny’ > sg > ¢y, Lemma 4.3 implies that

Ve = VI o) + 16 =¥ |1 iq,) < C(el19" lloweay + €70 )

uniformly in j, where C' only depends on msg. Note that compared with Lemma 4.3 we have
taken the £>°-norm of y” over the index set Cps, which contains the continuum atoms as well as
2M atoms at the two ends of the atomistic domain. Referring to Lemma 4.5 we deduce that

)

loy = 0l e eny = llow = o3 l[oe ery < C(slly”lleoo(cM) + e—mMminy’)

where C' depends on §; and mminy’, respectively, msg.

Atomistic Contribution. This time we need a bound on the difference ||oy — agCHLw(Qat) =

oy — i, HLoo(Qat)’ For this we first address the error |¢(x) — ¢%,(z)], z € Q2. The functions ¢
and ¢, satisfy the equations —e?A¢ + m?¢ = py, respectively, —e2 Ak, + m2el, = py in Q.
However, the boundary conditions are different: ¢(ar) and ¢(ar) for ¢, respectively, g7 (y) and
gr(y) for ¢%;. According to Lemma 3.8 we thus get

I = Drell oo (aty + €V — Vil oo ay < C(|o(ar) — gL (y)| + [d(ar) — gi(y)])-

The definitions of ¢*(y), v (y), and yr(y) imply

o) — 91| =0(), |vr(y) —gr(y)| = O().

For the value yr(y), for example, we obtained in Remark 3.6 the equality

e (y) = /R P (2)Ge(ag — 7) dz + O().
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where preﬂ is a reflected and periodized extension of py|qat. This then leads to

d(ar) — gr(y) = ¢lar) —yL(y) + O(7)

= 5 [ (e = i) e ez 1 0.

2me

Using the same ideas as in Lemmas 4.2 and 4.3 we can then show that
[6(ar) = grY)| < Celly|lie(cyy) + Ce ™M ™Y 1+ O(7),

where the constants only depend on mminy’. The same bound can be obtained for |¢(ar) —
g7 (y)|. This then implies that

Il — Gkl oo (ary + €|V — Vil pooaty < C(elly”lpoocyyy + €™M ™Y 4 1)

and hence
oy - ”L“’ (@) — = llow - Zt,*HLoo(Qat) < Clellyllems ey +e ™M +7),

where C only depends on mminy’. Together with (5.7) and 7 < e~™M50 this completes the
proof. O

5.1.2 Stability

The special choice g*(y) of boundary conditions for the atomistic subproblem allows for an
elementary stability analysis of £9°(y) that draws from the ideas we used in Section 3.3. We
recall that

g2t (y / / o Rla—zl o~ (2ar(y)-v-2)
4m6 0at Qat

+ ei%(gj«‘rZ*Z(lL(y)))py(z) dZ dx + O(T)

The next result addresses the differentiability of vz and vr. We show that the derivatives satisfy
certain bounds. Calculations like these are typical for this type of atomistic model.

{lemma:gammaLR}

Lemma 5.3. Lety € Q(QLKH satisfy yiy1—y; > esp foralli € {—K+1,...,K}, ap—yx > €5/2,
and y_g — ar, > €so/2. Then,

I 1 K 1
nya) S Sy R ) S

Moreover, ~r,(y) is twice continuously differentiable with respect to y and a and there exists
C(mminy’) (independent of €) such that

[Py, @) (w, )] < Com miny'>(<w>2 + k_i <u;>2>1/2,

€ —K+1
2 a) |(u U mminy’ w 2 3 uf)?
%3090 (. ). (]| < Clomminy) (5 )+k_ZK+1( )

for allu € U and h € R?. Analogous bounds hold for yr(y,a).
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Proof. We start with the following observation

1l Z/a ~E e, (5 - g) do =

Using y; —y—x < (j + K)miny’ for j = —K, ..., K we directly infer that

3 \t
m\S

K —(2K+1)mmin y/
. ﬁz Blymyr) o B TPIOMIRY ]
m 2 ~m 1— e mminy ~ m1l— e mminy’’

Differentiating gives

K
_me. U —h
DaL’YL(y’a)hL+Dy'YL(yaa)'u: — M Z € E(yj aL)JiLa

K m (’LL _ hL)2
'Dz’yL(y? CL)' [(’U,, h’)7 (’U,, h)] = m,uf]:Z_:K e ¢ (y]_aL)]T'

We show the stated bound for the second derivative. The one for the first derivative is obtained

similarly. We have
2 J 2
Uj — hL . U_K — hL Z /
=—K+1

Therefore,

K
D*y(y,a)-[(u,h), (u,h)] < 2mp Y~ (j + K)e UH)mminy’

. ((“K; 2 )2 + ki (u2)2>,

— K41
which is the desired bound. OJ

The 7-dependent terms in E2(y) = &,(y)g*(y)(Yar) from (3.22) only contain v (y) and
vr(y), whose derivatives are bounded by Lemma 5.3. The derivatives of these 7-dependent
terms are therefore still of order O(7) and will be neglected in the proof of the following result.

Lemma 5.4. Let y € Y satisfy miny’ > ¢y. Then

2

D*E(y)-[u, u] > (%e*mmw’ - 0(7)) /|2 vueu.

Proof. We treat continuum and atomistic contributions independently and start with the former.
Lemma 4.6 states that

D2gcb . > 2'U’2 —mmaxy’ 112
) fuu) > T ey e
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for all j = —N,..., N. Hence, the definition (5.2) of £ directly implies that
2,2 K 1 N
D2 (y)-fu,u) > ey L ( S P+ S (kP + e + \u;-|2).
j=—N j=K+2

Let us now turn to the atomistic part £2'(y). From Section 3.3 we know that for the given
choice of boundary conditions and a(y) we can write the energy of the atomistic part as

K
gi(y) == 3 / D L e
4m e Qat JQat
i,j=—K
m
+ ef?(yK“*yK*x*Z))ée(z —y;)dzdz
2
_ (e—%wi—yﬂ + e_%(yi‘f'yj_ny_nyfl) (5.8)
d4m
i,j=—K
,m( + —yi—y;)
+e € YK TYK+1—Yi~Yj ) +586lf + O(T),
where the constant £,y accounts for the self-energies of the atoms {=K,...,K}. Differentiating

twice and keeping only contributions from nearest neighbour interactions leads directly leads to

mu? (1 K 1
D22 ()] 2 e (G P Y P Glual?) - 00
i=—K+1
Adding the lower bounds for D2£(y)-[u,u] and D2£2(y)-[u, u] we arrive at
D*€%(y)-[u,u] = (D> (y) + D*EXM(y)) -[u, u]
2
—mmaxy’ W 2
> (7' — o)) [l
for all w € U, as desired. ]

Next, we provide a Lipschitz continuity result for the second derivative D2£%¢.

Lemma 5.5. Let y;,y, € Y. If miny) > sop > ¢ and minyh > so, then
[ D2E%(yy) — D2E%(y)|| < L(so)llyy — yalle.

Proof. The Lipschitz continuity of D2E% follows from Lemma 4.7. Thus, we only have to
consider the atomistic part £2* given in a convenient form in (5.8). We present the proof for
the part

9y K
S0 LTI
53‘3(3/):%‘ A e e v y’|+5sezf-
i,)=—K
by —y KUK 1) and o = KUK i—8)
The parts involving e~ & WitV —¥=-K7Y-K-1) and ¢~ ¢ WKTYK+17¥7Yi) can be treated analogously.

Differentiating £5*(y) twice leads to

2 K 2
mep _m i— . _m i— . U; — Uy
(D253t(y1) - DQSSt(yQ))'[U’U] -4 Z (e ¢ e ym‘)( : g2 d :
ij=—K

i#]
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Next, we analyze the first factor inside the sum. Since y;; > so and y5; > so for all i €
{=N,...,N} we have |y1; —y1;| > |i — jleso, |y2,i —y2,5] > |i — jleso for all i, j € {—K,..., K}
and therefore by the Mean Value Theorem

m m o
‘e—?‘yl,i—yl,ﬂ _ e—?\yzi—yz,j\‘ < me_m‘l_J|SO€_l}y17i — 1 — (y2,i _ y2,j)‘
J

Y Wiy — o)

v=1+1

< me M=l ) |yh — ngzw'

= me_m‘l_‘j ISO

Hence,

er,uZ K e o _(UA_U.)2
|(D?E5" (y1) = D& (y2)) - w, u]| < — Hy’l—yéHe‘”i;Ke il — g e
i#]

The idea now is to show that the sum on the right-hand side is bounded by a function of sg
times ||u/[|%. Elementary rearrangments lead to

K K 9
Z e —mli— ]\so‘] |( _ Z Z e—m|i—j\so|j _2‘(Uz —2Uj)
i=—K j=i+1 €

1,j=—K
i#j

K K- 9
. 2 : z : —mwso,, uz—l—u - uz)
— — 62
2K u )
— 2 Z : my,goy : : ’L+l/ Z

We note that, for all v € N,

(U' —U‘)2 i+v i+v
R O AT I

rk=1+1 k=1+1

Using this we obtain

K—v i4v

QZG myso,, Z Uz-l—l/_ < 226 mVsOVQ Z Z |u |2

—K k=i+1
<2 Ze*mysoy?’nu'ugg,
v=1

where in the last step we have changed the summation order over j and x and summed over
j=—-K,..., K. Summarizing, we have shown that

DQSat _ D2gat i < 2m2ﬂ2 I 112 — 3 ,—muvsg
‘( o (¥1) 0 (yQ)) [UauH =7 Hy1 yzHeooH“ ”eg E v-e :
v=1

Taking the supremum over u € U concludes the proof. ]
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5.1.3 Existence and Convergence

Before stating and proving the main result, we provide a lemma that relates the difference of
u € U to the derivative of its interpolant v € Sx(y).

{lemma:gradientu}

Lemma 5.6. Let uw € U be a test vector and u € Sy(y) an interpolant of w in the sense of

(2.6). Then,
1

IVuls < gl

Proof. By the definition of the interpolant u we have

2
Vul?dz = / (uz—uz_ > dz
/Q| | Z Yi—1 Yi—1

_62 (ui — Uz12 € _gi!uéﬁ
Yi — Yi-1 — v
Taking the square root concludes the proof. ]

We are finally ready to prove an existence and convergence result. The proof consists in showing
that all conditions in Lemma A.1 are satisfied, see for example [27, Theorem 8. The parameter
M € Ny provides some flexibility. It can be adjusted so that the conditions are satisfied. The
theorem can informally be paraphrased as follows: if the minimizer y € argmin Ey of the
original atomistic problem is sufficiently smooth in the neighbourhood Cj; of the atoms in the
continuum region and M is sufficiently large, then there exists a solution y,. € Y to the QC
approximated problem that is a good approximation to y.

Theorem 5.7. Let y € argmin Ey satisfy miny’ > so > g9 and maxy’ < Sy. Then, there
exists A(so,So) > 0 such that, if, for some M € N,

81/2Hy//||@oo(cM) + 571/267mM80 < )\(30, SO), (59) {smallcondition}
then there exists a solution y,. € Y to
DE¥ (%) =0 in U2

that satisfies
19" = aell 2 < Cls0,80) (Ellg" llee(cpy + ™50 + 7).

{Theorem:QC1Converg

Proof. First, we define F : U2 — U2 by F(w) = DE;C(@ +w) for w € U, where the spaces
U2 and U2 were introduced in Section 1.3. We need to show that F(w) = 0 has a solution
weA={wel:min(y +w)>q}

Step 1. Consistency. The analysis from Lemma 5.2 together with Lemma 5.6 shows that

[F(0) |12 = | DEF(9)]];y-1.2 = || DE*(9) = DE@)||y-12 < 1,
where c )
n= 72280 (el lee cppy + €™M0 + 7).
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Figure 5.2: Illustration of the problem in the interval Q% = (yx_7,2ar(y) — yx_s) used to
compute gr(y). {tig:qc2}

Step 2. Stability. Lemma 5.4 states that
2 m,uz S 112 112
D*E"(y)-[u,u) > (oo — O) )| = Ol Ve,

which immediately translates to

-1 -1
HDf(O) HLm(uflv%ul,?) <9
Step 8. Lipschitz bound. The next step is to show the existence of a Lipschitz constant for
DF in the neighbourhood Bayy(0). For all w € U with [[w'[l;z < 270 we get with an inverse
inequality

'l < & 2|2 < 22 P2,

Let 0 < § < 1. If 2e= 9 < (1 — 68)sg, we hence have min(y’ + w’) > dsq for all w with
|w'll2 < 279. Knowing that y' +w’ is bounded below, we can apply the Lipschitz bound from
Lemma 5.5:

|D2€%(y +w1) — D2E™(y + ws)|| < L(Fs0) |} — )]

< Lellwy — whle,

where L. = e~ "/>L(8s0).

Step 4. Conclusion. What remains to be done is to ensure that 2L.nY < 1. Looking at the
product of these values, we see that for sufficiently small e~ (|| 5" | goo (Car) F €™M0 4 7, this
can be satisfied. Lemma A.1 then guarantees the existence of y,, € J such that DE;’cc(fgqc) =0.
The configuration g, is a minimizer of EY since D*EY(g,,) is positive definite. O

Referring to (5.9) we note that the magnitude of M depends on e. The condition (5.9) can
be satisfied if, for example, M ~ —loge.

5.2 Boundary Conditions From Cell Problems

The boundary conditions ¢*(y) we imposed on the atomistic subproblem in Section 5.1 gave
rise to a method whose analysis turned out to be straightforward. The reasons for this lie in
the clean weak formulation (5.4) of DE9¢ and the convenient stability properties established in
Lemma 5.4. We now investigate how this situation changes if the boundary conditions chosen
are approximations of ¢*(y) that can be computed easily. The following construction may
also be easier to generalize to higher dimensions. We still set ar(y) = %(y—K—l + y_k) and
ar(y) = 5(yx +yx+1)-

We recall from Remark 3.6 that gj;(y) could (up to O(7)) be interpreted as the field value in

ar produced by the symmetric particle density p;eg . Loosely speaking, we now cut off this dis-

tribution and extend it periodically so that the new boundary conditions g(y) = [g1,(v) gr(y)]"
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can be obtained by solving periodic problems on certain domains. The presentation will be kept
more informal than before.
A computationally cheap option to obtain g(y) is given by

gr(y) =v"ar),  gr(y) =" (ap), (5.10)

where 1(=5) and K+ are the fields from the Cauchy-Born approximations in the cells
Q_k, respectively, Qx+1. These two cell problems have to be solved in any case to compute
the energy of the continuum part. This particular choice of g(y) would therefore not cause
additional computational costs.

More generally, for J € Ny we define the computational cell

QY = (yx—7, 2ar —yKx—_J).

For J = 0 this is just the cell Qx41. We will see that the magnitude of J is unimportant for
the consistency of the method, but J does enter the stability analysis.

Let us introduce the linear operator n : R? — R% mapping y to n(y) = (n;(y))jez. We
define the components

nk-J(Y) =yx—g, - Nk+1(Y) = Y41,
and (see Figure 5.2)
ni+2(y) = 2ar(Y) —yYx-1, - Nr+s+1(Y) = 2ar(Y) — Yx—J-
Note that the components nxi2(y), ... , Nx+s+1(y) are mirror images of the coordinates
NK-1(Y)s - MK-s(y) across ap(y).

Next, we define the missing components of n(y) by periodic extension:

Nt r+2+5(Y) = 1x+; () +V|QF| Vie{—J,...,J+1}, WweL

The boundary condition gr(y) is now obtained by solving the periodic problem
_52A1/)R + m2¢R = Pn(y) in Q(}I%

or, equivalently,

— EQAQZR + m21;R = Ppy) DR (5.11)  {feq:titaepsi}
and setting B
9r(Y) = Vr(ar). (5.12)  {psiviae)
The left-hand boundary condition gr,(y) is defined analogously. We set g(y) = [g1.(v) gr(v)].
We then define a second Quasicontinuum energy £9°(y) as follows
EC(y) = EP(y) + (), (5.13)  {oq:snorgyttothoda}

where £°(y) is the same as in the method discussed in Section 5.1 (see (5.2)) and

EMNY) = Ealy).g(y) Yat)
= —inf{ L) (. 9a) 9 € HQY), oo = 9(v)}.

We denote the minimizer for given y by ¢ar € H'(Q22Y).
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5.2.1 Consistency Analysis

A crucial difference between the QC energy (5.13) and the energy from Section 5.1 is that now
the derivative of the atomistic energy with respect to the boundary conditions in general does
not vanish. We therefore have to ensure that the term Dy ) g(y) (Yar) Dyg(y) - v emerging in
DE%(y) can still be included in the weak formulation.

Weak Formulation. Let u € U be a test vector and v € Sy(y) an interpolant of w. The
goal now is to show that

ngc(y)u:/agc(x)Vu(a:)dx +/aqc Vudz, (5.14)
Q q 9w

where

Y ot (z) if x € O,

cb : cb
59°(z) = { oy () ifz € QP
Y

and of'(z) is given by (2.8) with ¢ = ¢,;. The additional term Ug((:y) in (5.14) satisfies

0%yl < Claty) = g" )], (5.15)

where C' depends on m miny’ and maxy’.

Since the continuum contribution to DEY(y)-u is the same as in Section 5.1 we only need to
analyze DE (y). Using the chain rule we obtain

DE™ (y)u = Dy, Ea(y) gly) Yat) at + Daa(y) o) Yar) alu)
+ Dy€a(y) g(y) Yar) Dyg(y)-u.

The same reasoning as in Section 5.1 gives for the first two terms on the right-hand side

Dy, Eaty),gy) Yat) - at + Daa(y) g(y) (Yar)-a(w) = /Q o2 (x)Vu(z)dz,  (5.16)

where o3 (z) is given by (2.8) with ¢ = @as.

Next, we turn our attention to the term D& (y) g(y) (Yat) - Dyg(Y) - way and start by consid-
ering Dygr(y) - u. Going back to Remark 3.6 we recall that

K
* 1 _m a —x
dily) = elw) + O0) = - [ 37 s =y EO s +0(r)
T (5.17)
_H — 52 (Yr+yK 11 —2uK ;)
= — 2 X
m E e 2 7+ 0(7)

=0

Here, we have extended the sum to infinity for convenience. This gives rise to an additional
error of order O(7). Since we still assume that the atomistic domain Q* = (ar(y),ar(y)) is
large, the error thus incurred is small. Similarly, it follows from (5.11) that the definition (5.12)
of gr(y) is equivalent to

grly) = L 3 o 02 Wy 1—2K—;(Y)) (5.18)
m
Jj=0
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Depending on the properties of y we have g(y) ~ ¢*(y) but g only depends on 2J + 4 entries
of y whereas g* depends on {y_x_1,...,yx+1}. We note that nx_;(y) can, for j € Ny, be
expressed in the form

J
nk—i(y) =yk —€ > E e,
i=0

where ;
k) eNy forallie{0,...,J} andallj €Ny, and Y &7 =j.
i=0
In words: the distance between nx_;(y) and yx is the sum of multiples of the distances yx 17—

YK—J, -+ Yk+1—YK. Thisis a direct consequence of the definition of n(y) in terms of reflection
and periodization. Differentiating (5.18) then leads to

— ©© m — 2 .
Dygr(y)-w = 7H Ze_ P (yrc+yrs1—2nx—; () WK T WK1 — 21K i(w)

3
j=0

00 J
_ _TM Z e_%(yK+yK+l_277K—j(y)) (U/K—i-l ) Z kzgj)u/K+1—i>

j=0 =0
.y J o m )
T2 Z Z e 2e Uy =2 W) (%Hull(ﬁ-l + Qk’z(j)ulKH—i)
i=0 j—0
J
= Zﬂﬁﬂ—i(y)ukﬂ—i- (5.19)
i=0

Here, we have defined

/Lﬁ-i-l—i(y) = _% Ze_%(yK'f‘yKJrl—Qanj(y)) (le(j) + 51;,0%+1) Vj € {0,...,J}.
7=0

It is clear from their definition that kgj ) <jforallie{0,...,J} and all j € Ny. Thus, we get
the following bound for uﬁﬂ_i(y):

e~ ok :
i) = 12Ze ge (Vi =25 W) (2k§”+5i,of+l)\
=0 (5.20)

o0

(2] + 1)e—m(j+l/2) miny/‘

VAN
VIS

j=0

Similar considerations can be carried out at the left-hand boundary for gz, (y).
We recall from Lemma 3.5 that (for 7 ~ 0)

DyE4().g(w) Yar) = —me[gr(y) — 91 (y), 9r(y) — 9r(y)] + O(7).

Multiplying this with (5.19) we deduce that the contribution to DE%(y) from the boundary
data takes the form

Dty atw) (ar) Dyo(w) u = [ o, (@) u(e) do + (1), (5.21)

Q
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where the additional stress function 03(Cy) is piecewise constant and nonzero in neighbourhoods

of the atomistic/continuum interface 9Q?*:

yimuf(y) (97 (v) —gc(y)) ifzeQi ie{-K,. ..,.—K+J},
oo (@) =S vimul(y) (95 () — gr(y)) fzeQ ie{K-J+1,... . K+1},
0, otherwise.

Here, we have used that u, = y,Vu|g,. Adding (5.16) and (5.21) completes the proof of (5.14).

The L*-bound (5.15) follows immediately from (5.20) and the definition of Ug(cy) (x).

Consistency. As in Lemma 5.2 the consistency proof for given y € ) consists in finding
an appropriate bound on [loy — 0| (). In the atomistic region Q* we therefore need to
estimate the errors ||¢ — Gat|| foo(qat) and ||V — Vat||Loo(at). Lemma 3.8 gives

16— Gutllz(am) + €IV — Vonelle(am) < Clllar) — dular)] + 8lar) — dular)])
= C(l9(ar) = gr()| + |6(ar) — gr(y))).

Using the definitions of g7,(y) and gr(y), and techniques similar to the ones used in the proof
of Lemma 4.2 it can be shown that

¢ — batll oo (@aty + €V — Voatl| oo aty < C(el|y” lpoo(cyyy + €™M ™Y 4 1)

as well as |
19(y) — g% (9)| < C(elly i (cyy) + e ™M miny)

for M € N and C); as defined in (5.6). From this we then deduce consistency in the sense that
loy = oL@ + N7y e ey < C(elly e eay + 7Y 4 7).

Note that we have used (5.15).

5.2.2 Stability Analysis

The stability analysis for the QC energy (5.13) is slightly more involved than for the method
discussed in Section 5.1. Let y € Y be given. Our main observation is that for sufficiently large
J there exists a constant C'(m miny’, maxy’) such that

D?*€%(y) - [u,u] > C(mminy’, maxy')|ju'|2% Yu € U2

Since the continuum part of the energy is the same as in the first method, we only have to look
at stability of the atomistic subproblem with the given choice of boundary data. The idea is to
write the second derivative of the energy £2' in the form

D (y)-[u,u] = D*EM(y)-[u, u] + (D*E¥(y) — D*EXM(y))-[u, u]
and use the coercivity of D2£2%(y): we know from Lemma 5.4 that
D2y fuv) 2 e ™ (L S e ) - ot
* ’ = 2 2 -K 5 ) ) K+1

for all w € U. Hence, our aim is to show that the difference || D2£2t(y) — D2£234 (y)|| is sufficiently
small not to break stability.
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The difference between the energies £%*(y) and £¥*(y) only consists in effects from the
boundary conditions and we have, by (3.15),

EMy) — EX(y) = ) Eaw) 9w Y) T La) Eay).o(w)> Y)
:7\911 — g (v)|* + o).

This implies that

(D*€(y) — D*EX(y))-[u, ] = me(9(y) — ¢" ()" [(D*9(y) — D*g"(y))-[u, u]]

(5.22)

—|—2m5‘(Dg(y Dg*( ) u‘ + O(7).
We will show that |(D?g(y) — D?g*(y)) - [u, u]| is bounded so that the first term on the right—
hand side is bounded by C|g(y) —g*(y) ’ The second term, 2m5} (Dg(y)—Dg*(y))-u
for all u € U and therefore does not affect the positive definiteness of D2£%(y). If, hovvever7 two
energies &1 and & generating a purely repulsive, respectively, a purely attractive interaction are
combined to obtain a Morse-like interaction potential, then these terms |(Dg(y) — Dg*(y)) - u|
are relevant for the overall stability analysis. For this reason we provide a bound below. We
show that !(Dg(y) — Dg*(y)) - u‘ decreases as the sizes of the cells Q%, QF, on which the
boundary conditions g(y) are computed, increases.

First, we address the first term on the right-hand side of (5.22). Differentiating gives

> m — 2un_:\2
D gi(y)-fu,u] = 3 e B e 2i) <“K + a2 J)
=0

00 J 2
— % Ze_gme(yK‘f'yKJrl_Qnyj) <U/K+I —9 Z U/K—j>
j=0 1=0
and, similarly,
mp g~ - L0 i
DQgR(y)-[u,U] = Ze 5e Wk tyk+1—2nK—;(y)) (u/K+1 _ QZkij ull(+l—j> )
j=0 i=0
A calculation very similar to the one given in the proof of Lemma 5.3 leads to
e(|D?gr(y)-[u, ul| +[D*gx(y)-[u,ul|) < C(mminy')|u'|7,

which implies, for the first term on the right-hand side of (5.22)

me|(g(y) — ()" (D*(9(y) — g"(y))-[w, u]) | < C(mminy)|g(y) — g" (v)| |||

for all u € U.
Now we analyze the second term 2me (Dy(g(y)—g*(y)) -u)2 on the right-hand side of (5.22).
We recall from (5.17), respectively, (5.18) that

ad 2
Dgr(y)-u = -~ Ze_%(yK+yK+1—277K7j(y))uK +Uuk+1 — TIK—j(U)

)

=0 €
]:
* — b > ety _9y .)uK+uK+1—2uK_j
Dgj(y)-u= —- Y e~ 2 Wrivmn =2, .
3
Jj=0
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As a direct result of the construction of 1 the first J + 1 terms in the above sums are equal. A
quick calculation then shows that

e (Dg(y) — Dg*(y)) -ul* < C(mminy')e @ HUminy’ |2,
Summarizing, we have shown that
|D*€% (y) — D*EX(y)|| < C(mminy)(lg(y) — g (y)| + e ™G/ FIminy’),
from which we deduce that
D2EC(y)-[u,u] > C(mminy’)”u'Hé Vu € U'?

for sufficiently small [|y”||s(c,,) and sufficiently large M and .J.

A convergence result analogous to Theorem 5.7 can be proven using the same techniques based
on the Implicit Function Theorem.

6 Conclusions and Outlook

In this article we have presented a rigorous analysis of a particular way of Quasicontinuum like
coupling for a linear, field-based interaction potential in one space dimension. The starting
point for the design of coupling methods was a weak formulation of the forces arising from the
atomistic model. This provided a natural connection point to the corresponding continuum
model. We believe that the present work in a comparably simple setting addresses several
important questions relevant for QC coupling in the presence of fields: most prominently the
dependence of minimization problems on the boundary and boundary data.

We close the article with some comments on open questions. This model being evidently
basic from the outset, there is a lot of scope for further work.

For the two QC methods we discussed we chose y-dependent boundaries a(y) of the atomistic
subdomain Q2. In other words we fixed the position of the boundary in the Lagrange picture.
This lead to very convenient weak formulations of DE%(y). An obvious alternative (particularly
relevant for higher dimensions) is the choice of y-independent a. We note that this, however,
comes with additional technical difficulties. Let y € ) and assume that y_x 1 < ar, < y_k.
Then, the Cauchy-Born energy of the interval (y_x_1,ar) in the continuum region Q is given
by

ar,
[ GETHTIOR 4 0O — 0 ) s
Y-K-1

L[ (K qp _ Ep-K) ()
—5 [ e e - e ) v ),

2 Y-K-1

where 1)(~5) is the Cauchy-Born field on the cell Q_g. To calculate the derivative of this energy
contribution, it is hence necessary to know Dg, 9(~%)(ar) and D,, Vi)~ (ar) explicitly and
include the resulting terms into the weak formulation of DEY(y).

It has to be stressed that our analysis heavily utilized explicitly known Green’s functions. In
particular, the one dimensional setting allowed us to fully understand the dependence of certain
minimization problems with respect to the domain and the boundary conditions. Depending
on the geometry of the domains  and Q2 the construction of Green’s functions in higher
dimensions might be impossible. More work therefore needs to be done to understand this
particular issue in higher dimensions.
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Both QC methods we presented were based on boundary conditions on the atomistic sub-
problem that led to the complete decoupling of the continuum region and the atomistic region.
The atomistic energy part £**(y) only depended on the components y_g_1,...,yx+1. In the
case of the first method the effect of the boundary conditions g*(y) could elegantly be inter-
preted as the interaction with mirror atoms outside the atomistic subdomain Q2. A general-
ization of this framework to higher dimensions is likely to involve more complicated geometrical
constructions, and may even turn out to be impossible.

As described previously, the weak formulation of DE(y) - w can be derived for more general
field-based models even in more than one space dimension. In the case of nonlinear models the
analysis needs significant modification because the solution operator for the resulting partial
differential equations is not given by a convolution with the Green’s function.

A Proofs and Auxiliary Results

Proof of Proposition 2.1. First we note that the map y — py(x) from ) to R is continuously
differentiable for all z and Dypy(z) is uniformly bounded in z. Since Q = (y_n_1,yn) de-
pends on y but || = 2F is fixed, we will only look at the internal atoms represented by
Y= (Yy-n,...,ynv—1). The derivative with respect to yy follows from periodicity or by simply
shifting €2 to the right by one atom.

For every fixed y € ) there is a unique minimizer ¢(y) of I(-,y) (we are slightly abusing no-
tation here and briefly interpret ¢ as a function from ) to H #(Q)) For every y € ) the function
o(y) € H;E(Q) satisfies the Euler-Lagrange equation Dyl (¢(y),y) = 0. Since Dypl(¢,y) =
—e2A + m?id is positive definite for all ¢ and all y, the function y + ¢(y) is differentiable
by Theorem 4.B in [37]. We interpret the derivative Dgd(y) = (Dy_yd(y), ..., Dyy_,¢(y)) as
a vector of 2N functions from H#(Q) Using the chain rule we then calculate the derivative
D3z&(y) to be

Dg&(y) = Dyl (6(y),y)Dyé(y) + Dzl(o(y),y) = Dzl(¢(y), y).

Because ¢ is a minimizer of I(-,y) (and therefore DyI(¢(y),y) = 0) to calculate the derivative
of £ it is sufficient to calculate the partial derivative of I with respect to y. By uniform
differentiability of py(x) with respect to y and continuity of ¢ we can differentiate under the
integral sign [31, Theorem 9.42] and arrive at

DyE(y) = Dy [ py(@)ola)de = [ Dypy(@ofe) da.
The expression (2.4) for j = —N,..., N — 1 then follows directly from
Dyj.py(a:) = sDyjdE(a: —y;) = —eVi(xz —yj)
for all x € Q. O

Proof of Proposition 2.4. The proof is similar to the one given for Theorem 2.1 in [16]. We

start by constructing the solution ¢y : R — R to —2Agg + m2¢pg = py in R for the compactly

supported right-hand side pj, = 5254\7:71\, 0 (- —y;) € Cg°(R), i.e., the particle density of the

atoms {—N, ..., N}. The periodic solution ¢ will be obtained by adding shifted versions of ¢y.
Let ¢p : R — R be defined by

¢o(x) = /}RGE(z)pZ(x —z)dz. (A.1)
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Moreover, let § > 0 be small. Since pj € C§°(R) and G. is continuous we can differentiate
under the integral sign [31, Theorem 9.42]:

Ago(z / G=(2)Apy(r — 2)dz

= / G:(2)Apy(z — 2)dz + / G:(2)Apy(z — 2) dz.
B5(0) R\B5(0)

The first term on the right-hand side is O(d) as G is bounded. For the second term we have

/R\B(;(O) Ge(2)Apy(z —2)dz = — /]R\Bg( )VGa(z)sz(x — 2)dz
+ G(0) (Vo (z — 8) — Vi (z +9)).

The second term on the right-hand side of this equation is O(J) since Vpj, is globally Lipschitz
continuous. Continuing with integration by parts yields

—/ VG (2)Vpy(z — 2)dz = / AG:(2)py (v — 2) dz
R\Bs(0) R\B5(0)

+VG(=0)g (x — 8) ~ VG=(5)pf (z + 0)
m2
— T do(x) + 50} () + O().

Here, we have used that —e?AG.(z) + m2Ge(z) = 0 for x # 0 and VG(£4) = :FﬁejF%‘s.
Letting 6 — 0 shows that —e2A¢g + m2¢pg = Py in R.

Next, we need to construct the |Q|-periodic solution ¢. Because of the exponential decay of
G, it is straightforward to verify that the series

r) =Y ooz + 4|9

JEZ

converges uniformly on every compact subset of R. Moreover, ¢ is Q2-periodic and solves the
equation —e2A¢+m?¢ = p, in Q. A simple change of coordinates in the integral (A.1) defining
¢o implies (2.11).

Due to the exponential decay of the Green’s function we can differentiate under the integral
sign to get

x):V/py(x—z) dz—/pr$—z dz—/pr (x—2)dz
R

for all z € , which is equivalent to (2.12). O

Proof of Lemma 3.10. In the present 1D setting it is straightforward to determine G, 4, see for
example [16, Chapter 2.2.4]. We have

G&‘,a(x7 Z) = G&‘(wa Z) - H&a(.’ﬂ, 2)7
where, for every fixed x, H. 4(z,) solves the boundary value problem

—52AZH€,a(a:, )+ mQHgya(a:, )=0 in Q,
H. .(x,a1) = G:(ar, — x),
H. .(x,ar) = G:(ar — z).
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The same ideas that led to formula (3.5) for &, 4 yield

1~ (z—ay)
H, a(m, Z) = [e_%(Z—aL) e—%(aR—z):| T, - 2me © ;

7 1 ¢ (ar—2)

2me
1 1 *m(w+272aL) fm(2a —x—2)
= — (e ¢ +e e (2ar
2me 1 — 72 (
m m
_ Te—?(ff—z-i'aR—aL) o Te—?(Z—LU-‘r(lR—aL))‘

It follows immediately from its definition that H. , satisfies
—€2AmHa,a(-, z) + mQHE@(-, 2)=0

in Q, for all fixed z. The proof of Proposition 2.4 can then easily be generalized to show that
the function ¢ defined by

) = [ (Gulir2) = Heal2))py ()02

for x € Q, satisfies —e2A{ +m?( = py in €. It remains to show that ¢ attains the appropriate
values on the boundary 9€2,. We note that

1 1 m m m m
Heolar,2) = 5 — 7= (re~ e Gon) 4 o= g (an=2) _ 126~ T (an—2) _ pom T (man))
1 m
_ —~= (ar—2)
2me ¢
With G.(ag,2) = %me ef%(a’rz) this implies G¢ q(ar, z) = 0. Similarly we get G, 4(ar,z) = 0.
Therefore, ((ar) = 0 and ((ar) = 0 and we conclude that ¢¢ = (. O

We state a useful, general existence result from [27, 28]. This represents a practical version
of the Inverse Function Theorem.

Lemma A.1. Let X,Y be Banach spaces, A an open subset of X, and let F : A —'Y be Fréchet
differentiable. Suppose that xq € A satisfies the conditions

IF (zo)lly <,

HD.F(JZ() < 19,

)~ HLin(X,Y)
Bays(w0) C A,

|DF(z1) — DF(z2)|lLin(x,y) < Lllz1 — 22l[x  for ||z — wollx < 219,

209%n < 1.

Then, there exists x € X such that F(z) =0 and ||z — xo|| < 2nd. O

{Lemma:Christoph}
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